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Detail study of the Raman-active modes in carbon nanotubes
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The Raman-active A1-modes in carbon nanotubes are often used for characterizing nanotube samples. The
fully-symmetric radial-breathing mode and the high-energy mode (HEM) have small non-radial and nontangential components, respectively. Neglecting these components results in errors for phonon frequency
and electron – phonon coupling calculations. We present a model to estimate these non-radial components.
For the HEM we find an anharmonicity that stems from the three-fold coordination of the C atoms.
© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

The Raman spectrum of nanotubes (NTs) is dominated by the fully symmetric modes [1, 2]. These
modes are the low-energy radial breathing mode (RBM) and two high-energy modes (HEMs), derived
from the E2g-mode of graphene. In achiral tubes due to mirror planes, one of these HEMs becomes odd
and is Raman-forbidden. With the help of the RBM the diameter of nanotubes can be identified; its diameter dependent frequency can be compared to calculated frequencies. With resonant Raman scattering
the chiral indices (n,m) were identified [3]. Efforts have been made to estimate chiral abundancies of
nanotubes in solution from the intensity in Raman experiments [4]. For this, a detailed knowledge of the
Raman cross section is necessary. It has been shown that it depends not only on excitation energy but
also on chirality with tight-binding and density functional theory calculations [5, 6]. Even small diameter
tubes can have several hundreds of atoms in a unit cell, thus making DFT calculations very expensive.
The fact that the optical resonance is governed by excitons [7, 8] makes the description in one-particle
DFT even harder and extensions have to be used. The use of valid approximations is therefore extremely
helpful and speeds up the calculations.
In contrast to other authors who make use of the force-constant matrix, e.g., Ref. [9], we apply a different model to find the phonon eigenvector. Our variational model is adopted from Ref. [10] and applied
to entire nanotubes. It is based on the idea that an atomic displacement increases the total energy of the
SWNT. If we displace all atoms according to a pattern that corresponds to an irreducible representation,
the direction with extremal energy values reflects a phonon mode with this irreducible representation.
This has been successfully done to obtain phonon modes in benzene [11]. Technically, we displace one
atom freely on a sphere with fixed radius. Then we apply the symmetry operations that are used to construct a nanotube [1] to the displacement vector and calculate the total energy of this displaced system
with the DFT-code SIESTA [12, 13]. We use the LDA functional in the parametrization of Perdew and
Zunger [14] and Troullier–Martins [15] pseudopotentials. For the real space grid integrations an equivalent energy cutoff of 270 Ry was used and 16 k-points along the nanotube axis in reciprocal space. The
valence electrons were described by a double-ζ basis set with cutoff radii of 5.12 bohr and 6.25 bohr for
the s and p orbitals, respectively plus an additional polarizing orbital. The ground state was obtained
from relaxing all atoms until all forces were below 0.01 eV/Å.
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Fig. 1 (online colour at: www.pss-b.com) Left: Total energy contour plot of the (5,0)-nanotube as a
function of ϑ and φ. Fully symmetric eigenmodes are in the directions of extremal total energy. Note the
mirror symmetry at φ = 0° corresponding to the mirror plane in zigzag (n,0) NTs. Right: Section of a
(5,0)-NT to illustrate the angles ϑ and φ.
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A typical result is shown in Fig. 1, where we present an energy-contour plot of a (5,0)-tube for atomic
displacements within a half-sphere; the definition of ϑ and φ is illustrated on the right side of Fig. 1. We
find a minimum and two saddle points. We assign the minimum and one saddle point to A1g-modes, the
RBM and the HEM, respectively. The second saddle point corresponds to a A1u-mode. In chiral tubes,
due to the lack of mirror planes, there is no distinction between even (g) and odd (u) modes, and both
saddle points correspond to a fully symmetric A1-modes.
The eigenvector of the RBM for general NTs is not exactly radial (ϑ = 0°, φ = 0°) but slightly displaced. Due to symmetry, we find for zigzag NTs φ = 0°, while for armchair we have ϑ = 0°. Values
obtained for ϑ and φ for several NTs can be found in Ref. [16]. For the HEM we also find non-tangential
components for all nanotubes. The deviation from a tangential plane is of similar size, i.e., up to a few
degrees for small diameter tubes. These results verify findings from finite differences calculations [9].
A closer look at Fig. 1 reveals that the energies at ϑ = 0° and 180° are not exactly equal. However
within a harmonic approximation this is expected. Ab initio calculations for the E2g-mode in graphene
show also differing energies at positive and negative displacements for the corresponding direction. This
is a consequence of the three-fold geometry. To show this we use a simple model that only considers bondstretching interaction between nearest neighbors. In an E2g-mode of graphene neighboring atoms move in
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Fig. 2 (online colour at: www.pss-b.com) Left: Three-spring model. Right: Sum of potential energy for
the radial displacement as shown in left figure.
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opposite directions [17]. If we fix the three neighbors and only move the central atom, we obtain the
same relative distances than in an E2g-mode. The central atom (see Fig. 2) is attached to its neighbors
with springs. On the right side of Fig. 2 we plot the potential energy of the three springs as function of
the radial angle α (α = 0° is indicated on the left side of Fig. 2). Only for values of α = 30°, 90° and 150°
the potential energies at the positive (α) and negative displacement (α + 180°) are equal. This is in
agreement with all mirror-planes and the three-fold rotation. For all other values of α the potential energy
at positive and negative displacements differ. For a displacement of 2% of the nearest-neighbor distance,
we find a relative difference in potential energy of 2% between the maximum and the minimum which is
of similar magnitude as the relative energies at ϑ = 0° and 180°.
This anharmonicity does not seem to have an effect on the phonon frequencies. Within the frozen
phonon approximation, the frequency is obtained from the quadratic coefficient of the potential energy
versus the displacement [18]. A fit of the energy versus displacement for α = 90° is perfectly harmonic.
A 3rd order fit for α = 0° leads to non-zero values for the linear and cubic coefficients, but to the same
quadratic coefficient as for α = 90°, and thus yields the same phonon frequency. As the common methods for phonon calculations, finite differences or linear response, use the harmonic approximation to
obtain the phonon frequency, this effect could not be detected.
The non-radial components have an influence on the electron–phonon coupling strengths for the
RBM [6]. We compare the deformation potential ∂Ekn /∂Qα for the non-mixed and mixed displacement
patterns. From the deformation potentials ∂Ekn /∂Qα the matrix elements Mi can be obtained (details and
definitions can be found in Refs. [6] and [19]). We find an increase of ∂Ekn /∂Qα for the non-mixed displacement pattern between 30% and 60%. As the observed Raman intensity is proportional to the square
of the matrix elements Mi , the mixed eigenvectors yield systematically smaller Raman signals. For
semiconducting zigzag tubes, the average of the matrix elements increases by a factor of 1.5, whereas for
metallic zigzag tubes (15,0) we find an increase of 30%. For armchair tubes we find an increase of 1.3 to
1.4. Details can be found in Ref. [16]. The influence of the mixing on the HEM is smaller. The matrix
elements of the non-mixed HEM do not show any detectable difference for zigzag tubes, whereas the
matrix elements for armchair increase by 4% to 7%.
To analyze the effect of these components on the calculation of phonon frequencies we use a frozenphonon approach [18] for the purely radial displacement. We compare these frequencies with values
obtained via finite-differences calculations [6] that include a mixing. In Fig. 3 we show the calculated
frequencies in both cases. Neglecting the non-radial components results in errors of up to 10 cm -1
in agreement with Ref. [20]. As stated in Ref. [21] a fine structure can be identified. Diameter-corrected,
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Fig. 3 (online colour at: www.pss-b.com) Left: Frequency ω RBM times diameter for the RBM calculated for the
eigenvector (mixed) and the pure radial displacement (non-mixed). Right: Angle ϑ of the RBM versus the inverse
diameter 1/d for several NTs, obtained from the minimum of the total energy (circles) and from our graphene-model
(diamonds) of Eq. (1). Open circles denote metallic tubes.
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armchair NTs have the highest frequencies, zigzag tubes the lowest frequencies. This is an effect of the
geometry as a molecular mechanic model shows [22]. Additionally, the frequency of metallic tubes is
smaller than that of similar semiconducting tubes. For the HEM of metallic tubes we observe the wellknown phonon softening [9] related to the Kohn-anomaly at the Fermi point.
After we have shown that these small components have large effects, we turn our attention to how we
can incorporate them into future calculations. Considering the atomic forces for the radial displacement
we find smallest tangential components of the atomic force for the eigenvector of the RBM. We use this
observation to estimate the nonradial components of the RBM from graphene. Stretching the unit cell of
graphene according to a RBM-like pattern results in HEM-like forces. Equating these forces with those
of a HEM-like displacement gives the appropriate mixing. We find for a change in tube radius Dr
Dz
2π
=
cos (3θ ) and
2
Dr 19.7 n + m 2 + nm

Dy
2π
=
sin (3θ ) ,
2
Dr 16.7 n + m 2 + nm

(1)

where Dz/Dr = tan (90∞ - ϑ ) and Dy/Dr = tan ϕ . n, m are the chiral indices of a (n,m)-tube. For achiral
tubes we obtain good agreement. For chiral tubes the components are overestimated, but still remain a
good approximation. These data points we plot on the right side of Fig. 3.
In this paper we discussed the mixing of the fully-symmetric modes. We showed that the RBM and
the HEM have small non-radial and non-tangential components, respectively. We discussed the influence
of these small components on the calculation of phonon frequencies and electron–phonon coupling and
estimated the non-radial components of the RBM for all tubes. We found an anharmonicity for the HEM
in NTs and the E2g-mode in graphene.
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