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Mixing of the fully symmetric vibrational modes in carbon nanotubes
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We study the mixing of the fully symmetric modes in single-walled carbon nanotubes with ab initio calculations. With a variational model, we confirm the results from finite-difference calculations. We further analyze
the effect of the mixing on the calculation of phonon frequencies and electron-phonon coupling matrix elements Me-ph. We find that neglecting the mixing leads to errors of up to 60% for Me-ph for the radial breathing
mode and up to 50 cm−1 difference for the high-energy mode frequency.
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I. INTRODUCTION

The radial breathing mode 共RBM兲 plays a key role in the
characterization of carbon nanotubes 共NTs兲. Its diameterdependent frequency is used in resonant Raman spectroscopy
to estimate the nanotube diameter d and for chirality
assignments.1,2 The radial breathing mode is often assumed
to be purely radial,3,4 although several independent studies
showed that it has small nonradial components.5–8 Of similar
importance for optical measurements are the high-energy
modes 共HEMs兲 around 1600 cm−1, which correspond to the
two doubly degenerated optical modes of graphite. Small
nontangential components of these eigenvectors have been
reported in Ref. 9. Since both the RBM and at least one of
the HEMs are fully symmetric, their coupling is not forbidden by symmetry. The large frequency separation 共approximately a factor of 8兲 suggests, though, that the coupling is
small. This was first pointed out by Kürti et al.,6 who found
slight deviations from the ideal 1 / d behavior of the RBM
frequency, depending on tube chirality and conduction character.
In this paper, we study quantitatively the mixing of the
RBM and the HEMs by means of a variational method. We
analyze the size and influence of the new small components
on phonon frequency calculations, on electron-phonon coupling, and on the analysis of optical spectra of nanotube
samples. We find that neglecting the mixing introduces an
error of up to 10 cm−1 for the RBM frequencies of small
tubes. For the electron-phonon coupling matrix elements
Me-ph, we find a startling increase of up to 60% for the
RBM. This is of special interest as the intensity I in resonant
Raman experiments is proportional to the square of these
matrix elements, I ⬀ 兩Me-ph兩2. Neglecting the mixing results
in errors for the HEM of up to 50 cm−1 in frequency and an
increase of a few percent for the electron-phonon coupling
matrix elements.

II. METHOD

Our variational density-functional theory approach is
based on the fact that an atomic displacement increases the
total energy of a nanotube. If we displace all atoms accord1098-0121/2007/75共19兲/195401共5兲

ing to a pattern that belongs to an irreducible representation,
the direction with extremal value of this energy increase corresponds to a vibrational normal mode. Said another way, for
a set of displacement patterns with a given symmetry, the
energy has a local extremum when the pattern coincides with
a vibrational eigenvector. The same idea was applied in Ref.
10 for nanotubes, but within an oversimplified dynamical
model, and in Ref. 11 for benzene.
The displacement pattern was obtained in the following
way: One atom of the relaxed nanotube structure was moved
on the surface of a sphere centered on the relaxed position of
the atom with a fixed radius r. Then, the same symmetry
operations that are used to construct the nanotube from one
atom 共except for mirror operations兲 were applied to the displacement and the resulting set of displacements was added
to the relaxed positions.12 Thus, the displacement pattern of
the whole NT is defined by the displacement of one atom.
We define the displacement direction by two parameters 
and  as shown in the inset of Fig. 1 and evaluate the total
energy as a function of these parameters. As required by a
fully symmetric displacement, all atomic forces are equal
within our accuracy.
Ab initio calculations were performed with the SIESTA
code13,14 using the local-density approximation functional in
the parametrization of Perdew and Zunger15 and
Troullier-Martins16 pseudopotentials. An equivalent energy
cutoff of 270 Ry was used for the real-space grid integrations
and a 共1 ⫻ 1 ⫻ 30兲 Monkhorst-Pack17 mesh in reciprocal
space. The valence electrons were described by a double-
basis set with cutoff radii of 5.12 and 6.25 bohr for the s and
p orbitals, respectively, plus an additional polarizing orbital.
The undisplaced coordinates were obtained from relaxing all
atoms until all forces were below 0.01 eV/ Å.
III. EIGENVECTORS

We scanned the full 共 , 兲 parameter range for selected
nanotubes. The energy E共 , 兲 over a half sphere for all
nanotubes shows a minimum in the vicinity of 共 = 90°, 
= 0°兲 and two saddle points close to 共 = 90°,  = −90°兲 and
共 = 180°,  = 0°兲 共see Fig. 2 for a full sphere兲. For achiral
tubes, one of the saddle points corresponds to the fully sym-
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FIG. 1. 共Color online兲 Angle  as function of the inverse nanotube diameter for several nanotubes 共open symbols denote metallic,
while filled symbols denote semiconducting NTs兲. The full line
shows a linear fit for all zigzag tubes. The metallic 共n , 0兲 tubes are
above the line, while the semiconducting 共n , 0兲 are below. Thus, the
RBM is more radial for metallic zigzag tubes than for semiconducting zigzag tubes. Inset: A section of a 共5,0兲 nanotube with five C
atoms illustrating the definition of  and .

metric HEM and the other to an A1u mode. The HEMs show
anharmonicity, also found in calculations of the corresponding graphene modes. The anharmonicity disappears for the
A1u mode. This is required by symmetry considerations and
makes us confident of the numerical accuracy of our method.
For the remainder of this paper, we take care of this anharmonicity by averaging over positive and negative displacements.
For all other NTs, we scanned the vicinity of the point
共 = 90°  = 0°兲 corresponding to the radial displacement. To
obtain the direction of minimal energy, the total-energy values were then fitted to a two-dimensional function of third
degree. This fit was used to find the energy minimum
E共 , 兲 analytically. In the following, we call the position of

FIG. 2. 共Color online兲 Contour plot of the total energy for a full
spherical fully symmetric displacement of a 共4,1兲 nanotube. The
minima 共bright yellow兲 are slightly displaced from the points 共90°,
0°兲 and 共90°, 180°兲 corresponding to outward and inward radial
displacements, respectively.

FIG. 3. 共Color online兲 Angle  as a function of the inverse
nanotube diameter. We use the same symbols as in Fig. 1.

this minimum the eigenvector of the RBM. The values of 
and  of the RBM eigenvector over the inverse NT diameter
are shown in Figs. 1 and 3, respectively. As can be seen, the
radial breathing mode has nonradial components irrespective
of the chirality of the tube. These components become
smaller as the diameter of the tube increases.
The achiral nanotubes have  = 0° 共zigzag NT兲 and 
= 90° 共armchair兲. This is due to their higher symmetry as
compared to chiral nanotubes. Achiral tubes possess mirror
planes, and therefore the fully symmetric representation A1
of chiral NTs splits into the two representations A1g and A1u,
even or odd under the mirror operation, respectively. Since
armchair tubes possess a mirror plane perpendicular to the z
axis and zigzag tubes possess a mirror plane that contains the
z axis, the even A1g mode cannot have components perpendicular to these planes. This symmetry restriction is the reason for the specific values of  and  of these tubes in Figs.
1 and 3 共 = 90° for armchair and  = 0° for zigzag tubes兲.
The RBM of metallic zigzag tubes 关共n , 0兲, n divisible by
3兴 shows a smaller nonradial component than that of semiconducting tubes of similar diameter. The nonradial component of metallic zigzag tubes shows an excellent agreement
with the calculations of Dobardžić et al.,5 whereas we obtain
slightly larger nonradial components for semiconducting zigzag tubes. As the force constants in Ref. 5 were obtained
from 共semimetallic兲 graphite, differences between semiconducting and metallic tubes are not expected.
A simple model for the magnitude of the nonradial component of the eigenvector can be derived from considering
the atomic forces in graphene. The nonradial component of
the RBM compensates the nonradial forces caused by the
bond stretching due to radial deformation. To simulate a
purely radial vibration of a zigzag tube in graphene, we calculated the atomic forces after stretching the unit cell of
graphene in zigzag direction. Due to graphene’s symmetry,
the resulting forces are perpendicular to the stretching direction and form a HEM-like pattern. We calculated the length
of the HEM displacement necessary to compensate these
forces. From a fit of these data, we obtain the normalized
nonradial component of the RBM eigenvector zRBM = cos  of
共n , 0兲 zigzag nanotubes,
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FIG. 4. 共Color online兲 Normalized nonradial component of the
RBM eigenvector zRBM for zigzag NTs compared with that of
Dobardžić et al. 共Ref. 5兲 and our simple graphene model. The data
of the metallic tubes fit well the model of Dobardžić et al., whereas
the semiconducting tubes show larger components. We use the same
symbols as in Fig. 1.

zRBM =

2 1
.
19.7 n

共1兲

This is in good agreement with our data and the calculations
of Dobardžić et al.,5 as can be seen in Fig. 4. For larger
tubes, where the effect of curvature becomes small, the
agreement with Ref. 5 is excellent. This result can be extended to chiral tubes when multiplied with the factor
cos共3⌰兲, where ⌰ defines the chiral angle of the NT.
We have scanned the vicinity of the points 共 = 0°, 
= 0°兲 and 共 = 180°,  = 0°兲 corresponding to the HEM displacement for selected zigzag NTs. We obtained the direction
of maximal energy from a fit in the same way as for the
RBM. The angular deviation from the z direction has a similar magnitude as the angular deviation of the RBM from the
purely radial direction. This, as well as the results for the
RBM, is in excellent agreement with finite-difference calculations of Refs. 8 and 18 that use the dynamical matrix for
the calculation of phonon frequencies and eigenvectors.
Therefore, in the next section, we calculate the eigenvector
of the HEM using finite-difference calculations.
IV. FREQUENCY AND ELECTRON-PHONON COUPLING

We are interested in the influence of the small nonradial
component on the phonon frequency and electron-phonon
coupling strength. Experimentally, nanotubes are often identified via resonant Raman scattering of the diameterdependent RBM and comparing the results with empirical
data or theoretical predictions.2 The squared magnitude of
the electron-phonon interaction, 兩Me-ph兩2, among other factors, determines the Raman cross section and can be observed experimentally.4,18,19 For small-chiral-angle tubes,
兩Me-ph兩2 can be 1 order of magnitude larger than that for
armchair tubes.8
We calculated the RBM frequency in a frozen-phonon
approach using the eigenvectors obtained in the previous

FIG. 5. 共Color online兲 Frequency HEM from finite-difference
calculation including mixing 共circles兲 and for the nonmixed frozenphonon calculation 共squares兲. Open 共closed兲 symbols denote metallic 共semiconducting兲 NTs. Frequencies of the nonmixed modes are
underestimated, except for most metallic zigzag tubes.

section.20 For comparison, we also calculated the frequencies
for the purely radial displacement and found them to be overestimated by up to 10 cm−1. This confirms the results of
Milošević et al.7 The frequencies of the eigenvectors are in
excellent agreement with experiment and with ab initio
finite-difference calculations.8,21 A linear fit of our data
RBM = c1 / d + c2 leads to c1 = 2221 Å cm−1 and c2 = 2 cm−1, in
excellent agreement with other ab initio results, e.g., c1
= 2282 Å cm−1 from Ref. 22 or c1 = 2340 Å cm−1 from Ref.
6, or experimental data c1 = 2150 Å cm−1 and c2 = 18 cm−1
from Ref. 21. So for accurate frequency calculations, the
RBM may not be approximated as a purely radial displacement.
Similarly, we calculated the frequencies of the Ramanactive HEM for the nonmixed displacement, strictly perpendicular to the radial direction. The fully symmetric HEM is
not purely axial or not purely circumferential in zigzag and
armchair tubes, respectively, and the mixing influences the
phonon frequencies. We compare these to frequencies from
finite-difference calculations that include mixing with the
RBM in Fig. 5.18 In both cases, we find softening of the
HEM frequency for metallic tubes, as well established in
literature.9,23 The change in frequency due to the mixing is
also different for metallic and semiconducting tubes: For
semiconducting NTs, the results differ by up to 20 cm−1. In
metallic NTs, the difference is as high as 50 cm−1 in the
opposite direction: the frequencies are higher if no mixing is
allowed.
Now we concentrate on the effect of the mixing on
electron-phonon coupling strengths. The deformation potential Ekn / Q␣ for the nonmixed displacement patterns was
obtained in a frozen-phonon approach as described in Ref. 8.
␣,kn
From the deformation potentials, the matrix elements Me-ph
were obtained 共same notations used as in Ref. 8兲. We find an
increase of Ekn / Q␣ and of the matrix elements for the
radial displacement pattern between 30% and 60% with respect to the results of Ref. 8, which include the mixing. This
is of special interest as the intensity observed in Raman ex-
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TABLE I. Relative error of the matrix elements for the nonmixed radial displacement of the RBM compared to the results of
Ref. 8. The mixed eigenvectors predict systematically smaller matrix elements than the simplified 共nonmixed兲 ones.
NT

M1

M2

M3

M4

共10,0兲
共6,6兲
共8,4兲
共8,8兲
共14,0兲
共15,0兲
共16,0兲
共11,11兲

1.43
1.36
1.34
1.37
1.51
1.27
1.45
1.31

1.58

1.46

1.46

1.36
1.46
1.35
1.51
1.36

1.34
1.36
1.48
1.32
1.47
1.37

FIG. 6. Figure illustrating the mixing between the radial and the
tangential components of the RBM in zigzag and armchair tubes
when the radial component points outward.
1.25

␣,kn
periments is proportional to the square of Me-ph
. The mixed
eigenvectors thus yield systematically smaller Raman signals
than the assumption of a purely radial mode would suggest.
The change of Ekn / Q␣ depends on chirality and conduction character. In Table I, we show the relative increase compared to the values of the mixed eigenvectors in Ref. 8. For
semiconducting zigzag tubes, the average of the matrix elements increases by a factor of 1.5, whereas for metallic zigzag tubes 共15,0兲, we find an increase of 30%. For armchair
tubes, we find an increase of 1.3–1.4.
The matrix elements of the RBM are diminished by the
mixing for all NTs. This is surprising, since the relative sign
and MRBM
depends on chirality 共see Ref. 24兲. The
of MHEM
i
i
relative orientation of the HEM- and RBM-like components
in an eigenvector is, however, also chirality dependent. We
illustrate this in Fig. 6. In zigzag nanotubes, when the radial
component points outward, the bonds parallel to the axis are
elongated. In armchair tubes, the equivalent bonds that are
perpendicular to the axis are shortened instead. The different
orientation of both components compensates the difference
in sign of the matrix elements, yielding the same trend for all
NTs.
In contrast to the RBM, the mixing of the HEMs only
little influences their deformation potentials. The deforma-
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V. CONCLUSION
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