The radial breathing mode frequency
in double-walled carbon nanotubes:
an analytical approximation
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We study the breathing-like phonon modes of double-walled carbon nanotubes in a simple analytical
model by considering the tube walls as coupled oscillators. The force constant of the oscillator coupling is
found to be proportional to the inner tube diameter. Thus, only for small-diameter tubes, the shift of the
breathing-like phonon mode frequencies (relative to the radial breathing modes of the isolated layers) scales with the tube diameter D. For tubes with larger diameter the in-phase breathing-like phonon mode
frequency is inversely proportional to the diameter (like the radial breathing modes of the single wall carbon nanotubes), while the out-of-phase mode approaches asymptotically, as 1/D2, the graphite B2g phonon
mode frequency.

Due to the remarkable physical properties and potential applications carbon nanotubes (CNTs) have been
investigated intensively since their discovery by Iijima [1]. In particular, the vibrational properties of
single-wall carbon nanotubes (SWCNTs) [2] have been studied extensively by many research groups
[3–5]. More recently, experimental studies of double-walled CNTs have appeared [6, 7] focussing on the
role of the wall-to-wall interaction for the so-called radial breathing mode of the tubes. For isolated single-walled tubes this frequency is generally taken to be a good indicator of the tube diameter D. For
double-walled tubes the simple 1/D dependence of the frequency is modified by the presence of the additional wall-to-wall interaction. Popov and Henrard [8] studied the breathing-like phonon modes (BLMs)
of double- and multi-walled CNTs within a valence-force field model and a continuum model, showing
clearly the effect of this additional interaction. Here we present a very simple, analytically solvable
model of two coupled oscillators by which we are able to explain the main features of the BLMs of double-walled carbon nanotubes (DWCNTs) as predicted in Ref. [8]. In particular, we derive simple expressions in the small and large-diameter limit from which one may estimate the diameter of inner and outer
tubes from experimental Raman frequencies.
A DWCNT consists of two co-axial SWCNTs, the walls of which are assumed to be at a distance
d/2 = 3.44 Å and the diameters of which are D1 = D and D2 = D + d. The frequency of the radial breathing mode (RBM) of isolated SWCNT scales inversely with the tube diameter (ω = α/D) as was originally
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reported by Rao et al. [9] leading to many further estimates [3, 4, 10] of the factor of proportionality α.
Here we adopt the value α = 2243 Å cm–1, which we obtained by fitting an ensemble of 200 SWCNTs of
different chiralities and diameters by means of the POLSym code [11].
We assume that the RBMs of the layers of a DWCNT mix into the BLMs of the whole double-wall
tube. (Such a simplification is a fairly good approximation as we show below by comparing our results to
the more sophisticated calculations of Popov and Henrard [8]). Thus, the elementary spring geometry of
coupled oscillators determines the BLMs frequencies:
m1 
x1 = −k1 x1 − k ( x1 − x2 ) ,

m2 
x2 = − k2 x2 − k ( x2 − x1 ) ,

where ki and ωi = ki /mi are the force constant per unit length and the RBM frequency of the corresponding isolated SWCNT (i = 1 for the inner, and i = 2 for the outer layer), while k is a force constant
that characterizes the inter-layer interaction. The linear mass densities mi of a CNT scale with the tube
diameter: mi = cDi, where c = 14.375 amu Å–1. This system of equations can be written in matrix form
after introducing the weighted coordinates Xi = mi xi :
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The frequencies of the BLMs of the DWCNT are square roots of the dynamical matrix W eigenvalues:
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where m = m1m2/(m1 + m2) is the reduced mass (per unit length) of the DWCNT. The corresponding
eigenvectors (X i1, X i2) (i = 1, 2) give the displacements X i1 of the inner and X i2 of the outer wall within the
corresponding normal mode; for X 21 = X 22 = 2 k m1 m2 /(m2 − m1 ) the inner layer radius changes to
X11, 2 = −(k + µ m(ω12 − ω 22 )) ∓ µ

k 2 + m 2 (ω12 − ω 22 )2 + 2 k

m 2
(ω1 − ω 22 ) ,
µ

(3)

where µ = (m1 + m2)/(m2 – m1). Obviously X 11 < 0 while X 21 > 0. Since both X1,2 2 are positive, these two
phonon modes are of the out-of-phase and of the in-phase type, respectively (see Fig. 1).
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Fig. 1 Normalized coordinates x ij of the BLMs as function of
the inner diameter D. In the D → ∞ limit the values ±1/ 2
corresponding to the displacements of the graphene transverse
acoustic and the B2g phonon modes (127 cm–1) are obtained.

By explicitly inserting the diameter dependence of the masses and the frequencies, it can easily be
noticed that in the large-diameter limit (i.e. Di → ∞) the last term under the square root in Eq. (2) prevails, which gives Ω1∞ = k /m and Ω2∞ = 0 as the limiting values of the BLMs frequencies. The latter,
coming from the in-phase BLM, corresponds to the graphite transverse acoustic mode, while the higher
frequency one (i.e. the out-of phase BLM) in the limit considered, becomes the B2g graphite phonon
mode with the well known frequency of 127 cm–1. On the other hand, as the number of the interacting
atoms (per unit length) scales with D, the BLMs energy must increase with D (approaching zero as
D → 0); therefore, the inter-layer force constant k can be expanded into the Laurent series over D:
k = ∑ l = 1 κ l D l . In the large D limit the expression of the reduced mass (per unit length) becomes
∞

m ≈ cD/2, i.e. it essentially scales linearly with D. Therefore, to get a finite value for

Ω1∞ = 2 k /cD = 2 ∑ l = 1 κ l D l /cD, all the κi but κ1 must vanish. In particular, the experimental limit of
∞

the graphite B2g mode 127 cm–1 is obtained for κ1 = 115927 amu cm–2 Å–1.
After determining all the relevant parameters, we turn to the inspection of the general behavior of the
BLMs. In Fig. 2 the diameter dependence of BLMs frequencies (2) together with the RBMs of the corresponding single-wall layers are depicted. Evidently, the BLM shifts relative to the RBM frequencies of
the isolated single-layer, ∆1, 2 = Ω1, 2 − ω1, 2 , are always positive. The diameter dependence of the BLM
frequencies and of the frequency shifts shown in Fig. 2 agree very well with the results of Popov and
Henrard [8] which were obtained within a valence force field model for double-walled nanotubes.
For very small diameters (ω 21 – ω 22)2 is much greater than the other terms under the square root in (2);
e.g. (ω 21 – ω 22)2 is at least ten times larger than the other terms whenever the inner diameter D is smaller
than 6.77 Å. Thus, it is straightforward to get:
Ω1, 2 ≈ ω1, 2 +

k
2m1, 2ω1, 2

(4)

.

Thus, for small diameters the shifts are linear in D: ∆1, 2 ≈ κD/2cα.
In the large D region (e.g. D > 10 Å), we approximate the BLMs frequencies by leading terms in the
expansion over D–1:
Ω1 ≈ Ω1∞ −
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Fig. 2 The BLMs compared to the corresponding
SWCNTs RBMs.
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Fig. 3 The BLMs shifts relative to the corresponding
SWCNTs RBMs. The analytic results are obtained
directly from (2), while small and large D limits are
given by (4) and (5).
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which yield different behaviors of the shifts:
∆1 ≈ Ω1∞ − (4α + d Ω1∞ )/4 D ,

∆2 ≈ α d /2 D 2 .

These approximations are depicted in Fig. 3. In the perturbation theory framework the shifts represent
the corrections to the SWCNTs RBMs. Unlike the in-phase shift which is small enough for all the tubes,
the out-of-phase BLM accommodates perturbation theory only for thin enough DWCNTs. Further, the
coupling force constant k is not negligible with respect to the RBMs constants ki, except for very small
diameters. Even more, it exceeds the k1 value as the inner layer diameter D exceeds 24.7 Å.
In summary, we presented an analytically solvable approach for the breathing-like phonon modes in
double-walled carbon nanotubes, where the tube walls were treated as coupled oscillators. In the largediameter limit, the in-phase and out-of-phase vibrations of the walls approach the transverse acoustic
mode and the B2g mode, respectively, of graphite. For small tube diameters, i.e., if the inner diameter is
smaller than 10 Å, the frequency shift of the BLM with respect to the RBM of the single-wall tube is
approximately linear in D and given by Eq. (4). Since the inner tube diameters of DWCNTs grown by
catalytic chemical vapor deposition [6] or by heat treatment of peapods [7] were reported to be in the
range of 7–10 Å, Eq. (4) can be readily used to estimate the expected BLM frequencies or to determine
the tube diameters from the experimentally observed breathing-like phonon modes in double-walled
tubes.
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